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Abstract
In this paper, we investigate several properties of maps from a compactum X to an n-dimensional (combinatorial) manifold Mn.
We introduce the notions of stable point and locally extreme point of map, and we prove a higher-dimensional Bruckner–Garg
type theorem for the fiber structure of a generic map in the space C(X,Mn) of maps from a compactum X with dimX  n to an
n-dimensional manifold Mn (n  1). As applications, we also study the spaces of Bing maps, Lelek maps, k-dimensional maps
and Krasinkiewicz maps in C(X,Mn).
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1. Introduction
In this paper, we assume that all spaces are separable metric spaces and maps are continuous functions. Let R be
the real line and I = [0,1] ⊂ R the unit interval. Many authors in real analysis investigated the fiber structure of a
generic map on a closed interval. In particular, Bruckner and Garg proved the following interesting theorem:
Theorem 1.1. (See Bruckner and Garg [1].) Let C(I, I ) be the space of all maps from the unit interval I to I with
the usual sup-metric. Then there is a dense Gδ-set BG(I, I ) in C(I, I ) such that if f ∈ BG(I, I ), there is a countable
dense set D ⊂ (minf,maxf ) satisfying the following conditions:
(1) f−1(y) is an one point set if y ∈ {minf,maxf },
(2) f−1(y) is homeomorphic to a Cantor set C if y ∈ (minf,maxf )−D,
(3) f−1(y) is homeomorphic to the union of a Cantor set C and an isolated point if y ∈ D.
For a compactum (= compact metric space) X, Comp(X) denotes the space of all components of the space X whose
topology is the upper semicontinuous topology. Note that Comp(X) is homeomorphic to the decomposition space
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From a topological viewpoint, Buczolich and Darji extended the above theorem of Bruckner and Garg as follows:
Theorem 1.2. (See Buczolich and Darji [2].) Let X be a nondegenerate continuum. Then there is a dense Gδ-set
BG(X, I) in C(X, I) such that if f ∈ BG(X, I), there is a countable dense set D ⊂ (minf,maxf ) satisfying the
following conditions;
(1) Comp(f−1(y)) is an one point set if y ∈ {minf,maxf },
(2) Comp(f−1(y)) is homeomorphic to a Cantor set C if y ∈ (minf,maxf )−D,
(3) Comp(f−1(y)) is homeomorphic to the union of a Cantor set C and an isolated point if y ∈ D.
In this paper, we investigate several properties of maps from a compactum X to an n-dimensional (combinatorial)
manifold Mn. We extend the above theorems to a higher-dimensional case. First, we introduce the notions of stable
point and locally extreme point of map, and in Section 3 we prove a higher-dimensional Bruckner–Garg type theorem
for the fiber structure of a generic map in the space C(X,Mn) of maps from an everywhere at least n-dimensional com-
pactum X to an n-dimensional manifold Mn (n 1) (see Theorem 3.11). In Section 4, we prove a higher-dimensional
Bruckner–Garg type theorem for the space C(X,Mn) of maps from any compactum X to an n-dimensional manifold
Mn (n 1) (see Theorem 4.6). In Section 5, we also study the spaces of Bing maps, Lelek maps, k-dimensional maps
and Krasinkiewicz maps in C(X,Mn).
2. Stable points and locally extreme points
In this section, we introduce the notions of stable point and locally extreme point of map. A compactum is a
compact metric space. A continuum is a connected nondegenerate compactum. A compactum X is everywhere at least
n-dimensional if for each nonempty open set U of X, dimU  n, where dimU means the topological dimension of U
(see [3] or [4]). A continuum X with dimX = n is an n-dimensional Cantor manifold if for any closed separator L of
X dimL n− 1. Clearly, each n-dimensional Cantor manifold is everywhere at least n-dimensional. It is well known
that each n-dimensional compactum contains an n-dimensional Cantor manifold (see [3] or [4]). Also, note that each
continuum is everywhere at least 1-dimensional. In particular, each compact m-dimensional manifold Mm (m n) is
everywhere at least n-dimensional.
In this paper, for simplifying our arguments, we assume that Mn denotes a completely metric n-dimensional com-
binatorial manifold and ∂Mn denotes the manifold boundary (see [14]). A space Bn is an n-dimensional ball if Bn
is homeomorphic to the set {x ∈ Rn | ‖x‖  1}. A map f :X → Bn from a compactum X to an n-dimensional ball
Bn is essential provided that if g :X → Bn is any map such that g|f−1(∂Bn) = f |f−1(∂Bn), then g(X) = Bn. It is
well-known that dimX  n if and only if there is an essential map f :X → Bn (see [3] or [4]).
Let X be a compactum and let (Y, d) be a completely metric space. Then C(X,Y ) denotes the space of all maps
from X to Y with the usual sup-metric d , i.e., for f,g ∈ C(X,Y ), d(f,g) = sup{d(f (x), g(x)) | x ∈ X}. Then
C(X,Y ) is also a completely metric space.
Let f :X → Y be a map and let N be a closed subset of X. Then a point x ∈ N is an extreme point of f |N if
for any  > 0, there is a map g :N → Y such that d(g,f |N) <  and g(N) does not contain f (x). A point y ∈ Y is
an extreme value of f |N if there is an extreme point x ∈ N of f |N with f (x) = y. Also, x ∈ N is a stable point of
f |N if the point x is not an extreme point of f |N , that is, there is an  > 0 such that if g :N → Y is any map with
d(g,f |N) < , then f (x) ∈ g(N). A point y ∈ Y is a stable value of f |N if there is a stable point x ∈ N of f |N with
f (x) = y. A point x of X is a stable point of f if for each closed neighborhood N of x in X, x is a stable point of
f |N . A point y of Y is a stable value of f if there is a stable point x ∈ X of f with f (x) = y. A point x of X is a
locally extreme point of f if there is a closed neighborhood N of x in X such that x is an extreme point of f |N , that
is, for any  > 0, there is a map g :N → Y such that d(g,f |N) <  and g(N) does not contain f (x). A point y ∈ Y is
a locally extreme value of f if there is a locally extreme point x ∈ X of f with f (x) = y. For any closed set N of X,
let
ex(f,N) = {x ∈ N | x is an extreme point of f |N},
exv(f,N) = {y ∈ Y | y is an extreme value of f |N},
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stv(f,N) = {y ∈ Y | y is a stable value of f |N}.
For any map f :X → Mn, we define the following sets:
E(f,X) = {x ∈ X | x is a locally extreme point of f }.
S(f,X) = {x ∈ X | x is a stable point of f }.
E(f,Mn) = {y ∈ Mn | y is a locally extreme value of f }.
S(f,Mn) = {y ∈ Mn | y is a stable value of f }.
Note that
X = E(f,X)∪ S(f,X), E(f,X)∩ S(f,X) = φ,
f
(
E(f,X)
)= E(f,Mn), f (S(f,X))= S(f,Mn)
and
f (X) = E(f,Mn)∪ S(f,Mn).
3. Higher-dimensional Bruckner–Garg type theorem for everywhere at least n-dimensional compacta
In this section, we investigate the space of maps from an everywhere at least n-dimensional compactum X to an n-
dimensional manifold Mn (n 1), and we prove a higher-dimensional Bruckner–Garg type theorem for everywhere at
least n-dimensional compacta. The basic idea of the proof follows from the idea of Bruckner–Garg [1] and Buczolich–
Darji [2].
Let X be a compactum with metric d . For any a ∈ X and  > 0, we set U(a, ) = {x ∈ X | d(a, x) < } and
B(a, ) = {x ∈ X | d(a, x)  }. For a subset A of X, Int(A), Cl(A) and Bd(A) denote the interior, the closure and
the boundary of A in X, respectively.
Proposition 3.1. Let Mn be an n-dimensional manifold with the manifold boundary ∂Mn = φ and let X be a com-
pactum. Then the set
In(X,Mn) = {f ∈ C(X,Mn) | f (X) ⊂ Mn − ∂Mn}
is an open dense subset in C(X,Mn).
Proof. Note that for any  > 0, there is a map r :Mn → Mn − ∂Mn such that d(idMn, r) < . By using this fact, we
can easily see that In(X,Mn) is an open dense subset in C(X,Mn). 
For any compactum A, dk(A) < δ if there is a finite open cover W of A with mesh W < δ and ord W  k + 1
(see [3]).
Proposition 3.2. Let X be a compactum with dimX = k < n(n 1). Then
Im(X,Mn) = {f ∈ C(X,Mn) | dimf (X) k}
is a dense Gδ-set in C(X,Mn). In particular, if f | X → Mn is any map, then each x ∈ X is an extreme point of f |X,
that is, ex(f,X) = X, and hence E(f,X) = X.
Proof. Put
Di(X,M
n) = {f ∈ C(X,Mn) | dk(f (X))< 1/i}.
We shall show that Di(X,Mn) is a dense open set in C(X,Mn). Let f ∈ C(X,Mn) and  > 0. Since dimX = k < n,
there is a map g :X → Mn such that d(f,g) <  and g(X) is contained in a finite k-dimensional polyhedron P in
Mn (see [3, Chapter 1.10]). In particular, g ∈ Di(X,Mn). This means that Di(X,Mn) is a dense set in C(X,Mn).
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C(X,Mn). It is well known that if the manifold boundary ∂Mn of Mn is not an empty set, ∂Mn is collared in Mn.
By using this fact, we see that if x, x′ ∈ Mn are near, then there is a map h :Mn → Mn such that idMn and h are near
and h−1(x′) = {x}. Consequently, we see that if f :X → Mn is any map, then each x ∈ X is an extreme point of f |X,
that is, ex(f,X) = X, and hence E(f,X) = X. 
Remark 1. There is an onto map f : Im → In with m n 2 such that each point of Im is an extreme point of f |Im.
In fact, if g1 : Im → I and g2 : I → In are any onto maps, then f = g2 · g1 is an onto map such that ex(f, Im) = Im,
exv(f, In) = In. In particular, E(f, Im) = Im and E(f, In) = In.
Lemma 3.3. Let Bn be an n-dimensional ball in Mn and let g :N → Bn be an essential map from a compactum N
to Bn. For any compact subset F of Bn with F ⊂ Bn − ∂Bn, there is γ > 0 and an open subset W of N such that
if h ∈ C(N,Mn) and d(g,h) < γ , then W ⊂ st(h,N) and W ⊃ h−1(F ). In particular, F ⊂ stv(h,N), Bd(h(N)) ⊂
exv(h,N) and exv(h,N) ∩ F = φ, that is, for any open neighborhood D of ∂Bn in Mn, there is γ > 0 such that if
h ∈ C(N,Mn) and d(g,h) < γ , then exv(h,N) ⊂ D.
Proof. Let A = g−1(∂Bn). Note that ∂Bn is an (n− 1)-sphere in Mn. Take an open neighborhood U of ∂Bn in Mn
such that Cl(U) ∩ F = φ. Also we choose an open set U ′ such that Cl(U) ⊂ U ′ and Cl(U ′) ∩ F = φ. Let G be an
open neighborhood of A in N such that g(Cl(G)) ⊂ U . Put W = g−1(Bn − Cl(U ′)). Since U is an ANR, we can
choose a sufficiently small positive number γ > 0 such that if h ∈ C(N,Mn) and d(g,h) < γ , then h(N) ⊂ Bn ∪U ,
h(Cl(G)) ⊂ U , h(N − W) ∩ F = φ, h(W) ⊂ Bn − Cl(U) and h|A :A → U and g|A :A → U are homotopic. We
shall show that W ⊂ st(h,N). Let w ∈ W . Suppose, on the contrary, that w is not stable point of h|N . Then we can
choose a map h′ :N → Mn such that h′ is sufficiently near to h and h′(N) does not contain h(w). We may assume
that d(g,h′) < γ . Since U is an ANR, by the Borsuk’s homotopy extension theorem (see [3]) we obtain a map
u :N → Bn ∪U ⊂ Mn such that u|A = g|A, u|N −G = h′|N −G and u(Cl(G)) ⊂ U . Then u(N −W)∩F = φ. Let
r :Bn∪U → Bn be the natural retraction. Since g is essential and r ·u|A = g|A, we see that r ·u is also essential. Note
that h(w) ∈ Bn − Cl(U). Therefore h(w) ∈ u(N). Since h′(N) does not contain h(w), we see that h(w) ∈ u(G) ⊂ U .
This is a contradiction. Hence w ∈ st(h,N), which means W ⊂ st(h,N). Also, we see that W ⊃ h−1(F ). 
Remark 2. Let Mn be a compact n-dimensional closed manifold (i.e., ∂Mn = φ). If M1 = M2 = Mn and id :M1 →
M2 is the identity map, then S(id,M1) = M1, S(id,M2) = M2.
Lemma 3.4. Suppose that X is an everywhere at least n-dimensional compactum (n 1). Let U be a nonempty open
set in Mn and let V be an open set of X. If f ∈ C(X,Mn) with f (Cl(V ))∩U = φ and  > 0, then there exists a map
g ∈ C(X,Mn) and γ > 0 such that
(1) d(f,g) < ,
(2) there is a point p ∈ V and a nonempty open set W in V such that p is a locally extreme point of g with g(p) ∈ U ,
W ⊂ st(g,Cl(V )) and g(W) ⊂ U .
Moreover, if h ∈ C(X,Mn) with d(g,h) < γ , then h satisfies the above properties (1) and (2).
Proof. Let z ∈ V with f (z) ∈ U . Take an n-dimensional ball B ′ such that f (z) ∈ B ′ − ∂B ′, diam B ′ <  and B ′ ⊂ U .
Choose a closed neighborhood N of z such that N ⊂ V and f (N) ⊂ B ′ − ∂B ′. Choose a closed neighborhood N ′ of
z such that N ′ ⊂ Int(N). Since X is everywhere at least n-dimensional, we see that dimN ′  n and hence there is an
essential map k :N ′ → B ′. Since B ′ is an AR, we have a map g :X → Mn such that g|(X− Int(N)) = f |(X− Int(N)),
g(N) ⊂ B ′ and g|N ′ = k|N ′. Note that if p ∈ N ′ ∩ g−1(∂B ′), then p is an extreme point of g|N . Since p ∈ Int(N),
p is a locally extreme point of g. Since g|N ′ :N ′ → B ′ is essential, by Lemma 3.3 we can choose a sufficiently small
positive number γ > 0 such that if h ∈ C(X,Mn) and d(g,h) < γ , then h satisfies the desired conditions; there is a
point p ∈ V such that p is a locally extreme point of h with h(p) ∈ U , and W ⊂ st(h,Cl(V )) and h(W) ⊂ U (see
Lemma 3.3). 
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is also an Fσ -set in Mn.
Proof. Let BX = {Vi | i = 1,2, . . .} be an open base of X. Note that if p ∈ X is a locally extreme point of f , we can
choose i such that p ∈ Vi is an extreme point of f |Cl(Vi). For each i, we can choose a sequence F ij (j = 1,2, . . .) of
closed subsets in Vi such that
F i1 ⊂ Int(F i2) ⊂ F i2 ⊂ Int(F i3) ⊂ · · ·
and Vi =⋃∞j=1 F ij . Consider the set
ex
(
f,Cl(Vi);F ij
)= {x ∈ F ij | x is an extreme point of f |Cl(Vi)}.
We show that ex(f,Cl(Vi);F ij ) is a closed set of X. Let {xk}∞k=1 be a sequence of points in ex(f,Cl(Vi);F ij ) such
that limk→∞ xk = x ∈ F ij . Let  > 0. Then we can choose k such that d(f (xk), f (x)) < /2. Also, there is a map
g : Cl(Vi) → Mn such that d(f |Cl(Vi), g) < /2 and g(Cl(Vi)) does not contain f (xk). Also, we can choose a
map h :Mn → Mn with d(id, h) < /2 and h(f (xk)) = f (x) and h−1(f (x)) = {f (xk)} (see the proof of Proposi-
tion 3.2). Then g′(Cl(Vi)) does not contain f (x), where g′ = h · g. Note that d(g′, f |Cl(Vi)) < . This implies that
x ∈ ex(f,Cl(Vi);F ij ). Hence ex(f,Cl(Vi);F ij ) is a closed set of X. Note that
E(f,X) =
∞⋃
i=1
( ∞⋃
j=1
ex
(
f,Cl(Vi);F ij
))
.
Hence E(f,X) is an Fσ -set in X. Since E(f,Mn) = f (E(f,X)), E(f,Mn) is also an Fσ -set in Mn. 
Theorem 3.6. Let X be an everywhere at least n-dimensional compactum (n  1). Then there is a dense Gδ-set
ES(X,Mn) in the space C(X,Mn) such that if f ∈ ES(X,Mn), then the following properties hold:
(1) E(f,X) is a dense Fσ -set in X and S(f,X) is a dense Gδ-set in X,
(2) E(f,Mn) is a dense Fσ -set in f (X) such that dimE(f,Mn) n− 1, and
(3) S(f,Mn) is a dense set in f (X), and hence f (X) is also everywhere at least n-dimensional.
Proof. By Proposition 3.1, we may assume that ∂Mn = φ. Let {fk | k = 1,2, . . .} be a sequence of maps fk :X → Mn
such that the set {fk | k = 1,2, . . .} is dense in C(X,Mn). Let BX = {Vi | i = 1,2, . . .} be an open base of X. Let
i,k = 1/(i + k) for each i, k = 1,2, . . . . For each Vi ∈ BX , i,k > 0 and fk ∈ C(X,Mn), we choose an n-dimensional
ball Bi,k in Mn such that fk(Cl(Vi)) ∩ (Bi,k − ∂Bi,k) = φ. By Lemma 3.4, we obtain a map gk,i ∈ C(X,Mn) and
0 < γk,i (< i,k) satisfying the conditions of Lemma 3.4. Put
[gk,i;γk,i :Vi] =
{
h ∈ C(X,Mn) | d(h,gk,i) < γk,i
}
.
Let
Gi =
∞⋃
k=1
[gk,i;γk,i :Vi] ⊂ C(X,Mn).
Note that Gi is an open dense set of C(X,Mn) (see Lemma 3.4). Put
ES(X,Mn) =
∞⋂
i=1
Gi ⊂ C(X,Mn).
Then ES(X,Mn) is a dense Gδ-set in C(X,Mn). Now, we will show that ES(X,Mn) has the desired properties. Let
f ∈ ES(X,Mn). We show that
S(f,X) = {x ∈ X | x is a stable point of f }
is a dense Gδ-set in X. Let V be an nonempty open set of X. Since f ∈ Gi for each i = 1,2, . . . , we can choose
[gki ,i;γki ,i :Vi] such that f ∈ [gki ,i;γki ,i :Vi]. Since BX is an open base of X, we can choose a sufficiently large
H. Kato / Topology and its Applications 154 (2007) 1690–1702 1695number i(1) such that Vi(1) ⊂ V . Since f ∈ [gki(1),i(1);γki(1),i(1) :Vi(1)], we can choose an open set W1 such that
Cl(W1) ⊂ Vi(1) ⊂ V and W1 ⊂ st(f,Cl(Vi(1))) (see Lemma 3.4). Also, we can choose i(2) such that W1 ⊃ Cl(Vi(2)).
Since f ∈ [gki(2),i(2);γki(2),i(2) :Vi(2)], we obtain an open set W2 such that W2 ⊂ Vi(2) and W2 ⊂ st(f,Cl(Vi(2))). If we
continue this procedure, we obtain a sequence
V ⊃ Vi(1) ⊃ W1 ⊃ Cl(Vi(2)) ⊃ Vi(2) ⊃ W2 ⊃ Cl(Vi(3)) ⊃ Vi(3) ⊃ · · ·
of subsets of X such that
⋂∞
j=1 Vi(j) is an one point set. Since Wj ⊂ st(f,Cl(Vi(j))), we see that z ∈
⋂∞
j=1 Vi(j) is
a stable point of f . Hence we see that the set S(f,X) is dense in X, and hence S(f,Mn) = f (S(f,X)) is dense in
f (X). Since each point y of S(f,Mn) is a stable value of f , we see that there is an open neighborhood Uy of y in Mn
with Uy ⊂ f (X) (see the proof of Proposition 3.5). Since S(f,Mn) is dense in f (X), we see that f (X) is everywhere
at least n-dimensional. Next, we will show that E(f,X) is a dense Fσ -set in X. By Lemma 3.4, we see that each Vi
contains a locally extreme point pi of f . This implies that E(f,X) is dense in X. By Proposition 3.5, we see that
E(f,X) is an Fσ -set in X. Since E(f,Mn) = f (E(f,X)), it is a dense Fσ -set in f (X). Next, we shall show that
dimE(f,Mn) n− 1. In the proof of Proposition 3.5, we know that
E(f,Mn) =
∞⋃
i=1
( ∞⋃
j=1
f
(
ex
(
f,Cl(Vi);F ij
)))
.
Note that the closed set f (ex(f,Cl(Vi);F ij )) contains no nonempty open set of f (X) (⊂ Mn), because that S(f,X)
is dense in X and f (ex(f,Cl(Vi);F ij )) does not contain f (x) for any x ∈ S(f,X) ∩ F ij . Hence we see that
dimf (ex(f,Cl(Vi);F ij ))  n − 1, and by the sum theorem of dimension we see that dimE(f,Mn)  n − 1 (see
[3] or [4]). 
Lemma 3.7. Let X be an everywhere at least n-dimensional compactum (n 1). Suppose that f :X → Mn − ∂Mn
is a map and  > 0. Then there is a finite collection U = U[f, ] consisting of pairwise disjoint open sets in X,
g = g[f, ] ∈ C(X,Mn) and γ = γ [f, ] > 0 such that
(1) if U ∈ U , then diam(U) <  and Bd(U) = φ,
(2) d(f,g) < ,
(3) if p ∈ X, then there are at least two points p1,p2 of X such that d(p,pi) <  and f (p) = g(pi) (i = 1,2),
(4) if p ∈ X −⋃U , then there is a point q = p in X such that d(p,q) <  and g(p) = g(q),
(5) if U ∈ U , then there is an extreme point p ∈ U of g|Cl(U).
Moreover, if h ∈ C(X,Mn) and d(h,g) < γ , then h satisfies the above properties.
Proof. Since f (X) is a compact subset in Mn − ∂Mn, we can choose a sufficiently small positive number ′ > 0 such
that  > ′ and for any y ∈ f (X), there is an n-dimensional ball By in Mn − ∂Mn with U(y,2′) ⊂ By ⊂ U(y, /2).
For ′ > 0, we also choose a sufficiently small positive number δ > 0 such that if d(x, y) < δ, then d(f (x), f (y)) <
′/8. Also, we choose finite points x1, x2, . . . , xm ∈ X such that if x ∈ X, then there are at least two points xi1, xi2 such
that d(x, xij ) < δ. For each i = 1,2, . . . ,m, we can choose an n-dimensional ball Bf (xi ) such that Bf (xi ) ⊂ Mn−∂Mn
and U(f (xi),2′) ⊂ Bf (xi ) ⊂ U(f (xi), /2). Take βi > 0 (i = 1,2, . . . ,m) such that 0 < βi < δ/4 and Bd(Ui) = φ
and Ui1 ∩ Ui2 = φ for i1 = i2, where Ui = U(xi, βi) (i = 1,2, . . . ,m). Note that dimUi  n. Then there is a map
g :X → Mn − ∂Mn and an open set Vi such that Cl(Vi) ⊂ Ui for each i, g|(X −⋃mi=1 Ui) = f |(X −⋃mi=1 Ui),
g|Cl(Vi) : Cl(Vi) → Bf (xi ) is essential and g(Cl(Ui)) = Bf (xi ). Put U = {Ui | i = 1,2, . . . ,m}. We shall show that
the condition (3) is satisfied. Let p ∈ X. Then there are two points xi1, xi2 such that d(p,xij ) < δ (j = 1,2). Since
d(f (p),f (xij )) < 
′/8. Then f (p) ∈ Bf (xij ) − ∂Bf (xij ) (j = 1,2). Since g|Cl(Vij ) : Cl(Vij ) → Bf (xij ) (j = 1,2)
is essential, we see that there are two points p1 ∈ Vi1 and p2 ∈ Vi2 such that f (p) = g(pj ) (j = 1,2). Note that
d(p,pj ) <  (j = 1,2). We can prove similarly the condition (4). For each p ∈ Cl(Vi) with g(p) ∈ ∂Bf (xi ), then p ∈
Ui is an extreme point of g|Ui . Also, we can choose a sufficiently small positive number γ such that if h ∈ C(X,Mn)
and d(h,g) < γ , then h satisfies the above properties (see Lemma 3.3). 
1696 H. Kato / Topology and its Applications 154 (2007) 1690–1702Theorem 3.8. Let X be an everywhere at least n-dimensional compactum (n  1). Then there is a dense Gδ-set
Is(X,Mn) in the space C(X,Mn) such that if p is an isolated point of g−1(g(p)), then p is a locally extreme point
of g.
Proof. Let {fk | k = 1,2, . . .} be a sequence of maps fk :X → Mn − ∂Mn such that the set {fk | k = 1,2, . . .} is
dense in C(X,Mn). Let i,k = 1/(i + k) for each i, k = 1,2, . . . . By Lemma 3.7, we choose Ui,k = U[fk, i,k], gi,k =
g[fk, i,k] and γi,k = γ [fk, i,k] satisfying the conditions of Lemma 3.7 with respect to fk and i,k . Let
Bi,k =
{
h ∈ C(X,Mn) | d(h,gi,k) < γi,k
}
.
Put Gi =⋃∞k=1Bi,k . Then Gi is an open and dense set in C(X,Mn). Put Is(X,Mn) =⋂∞i=1 Gi . Then Is(X,Mn) is
a dense Gδ-set in the space C(X,Mn). Let g ∈ Is(X,Mn). We show that g satisfies the desired conditions. Choose
a sequence {ki}∞i=1 such that g ∈ Bi,ki for each i. Let p be an isolated point of g−1(g(p)). We shall show that p is
a locally extreme point of g. Suppose, on the contrary, that p is a stable point of g. Let  > 0. We choose a closed
neighborhood N of p in X with daim(N) < . Note that {fki } converges to g in C(X,Mn). Since p is a stable point of
g|N , we can choose a sufficiently large natural number km such that fkm(N) contains g(p). Hence for some p′ ∈ N ,
fkm(p
′) = g(p). By (3) of Lemma 3.7, we can choose a point q = p such that g(q) = g(p) and d(p,q) < 2. This
implies that p is not an isolated point of g−1(g(p)). Consequently, we see that p is a locally extreme point of g. 
Let P,Q be subpolyhedra in Mn with dimP = p and dimQ = q . Then P and Q are in general position in Mn
provided that dim(P ∩ Q) p + q − n. Let f ∈ C(X,Y ) and  > 0. Then for y ∈ f (X), the fiber f−1(y) is -fine
(see [2]) if for each A ∈ Comp(f−1(y)) with diam A  , there is B ∈ Comp(f−1(y)) such that diam B <  and
there are two points a ∈ A,b ∈ B such that d(a, b) < .
Lemma 3.9. Let X be an everywhere at least n-dimensional compactum (n 1). Let f :X → Mn − ∂Mn be a map
and  > 0. Then there is a map g :X → Mn − ∂Mn and γ > 0 such that
(1) d(f,g) < ,
(2) g is not constant on any -ball U(x, ) of X,
(3) if y ∈ Mn and k points pi (i = 1,2, . . . , k) of X satisfy the conditions that for i = j , d(pi,pj ) 3 and each pi
is an extreme point of g|B(pi, ) with g(pi) = y (i = 1,2, . . . , k), then k  n, and
(4) each fiber of g is -fine.
Moreover, if h ∈ C(X,Mn) and d(h,g) < γ , then h satisfies the above properties as well.
Proof. Since f (X) is a compact subset in Mn − ∂Mn, as in the proof of Lemma 3.7, we choose a sufficiently small
positive number ′ > 0 such that  > ′, and for any y ∈ f (X), there is an n-dimensional PL (= piecewise linear) ball
By in Mn − ∂Mn with U(y,2′) ⊂ By ⊂ U(y, /2). For ′ > 0, we also choose a sufficiently small positive number
δ > 0 such that if d(x, y) < δ, then d(f (x), f (y)) < ′/8. Also, we choose finite points x1, x2, . . . , xm ∈ X such that
if x ∈ X, then there are at least two points xi1, xi2 such that d(x, xij ) < δ. Let Ui = U(xi, βi) (i = 1,2, . . . ,m), where
0 < βi < δ/4 and Bd(Ui) = φ and Ui1 ∩Ui2 = φ for i1 = i2. For each i, we choose an open neighborhoods Vi and Wi
of xi such that Cl(Wi) ⊂ Vi ⊂ Cl(Vi) ⊂ Ui . Also, we choose an open neighborhood Oi of xi with Cl(Oi) ⊂ Wi and
an essential map gi : Cl(Oi) → Bf (xi ) ⊂ Mn − ∂Mn.
By the usual argument of general position, we may assume that
{∂Bfk(xj ) | j = 1,2, . . . ,m}
are in general position in Mn. Since dimMn = n, we see that for any subset H ⊂ {1,2, . . . ,m} with |H | > n, then⋂
j∈H ∂Bf (xj ) = φ. Define the function
g˜ :
(
X −
m⋃
i=1
Ui
)
∪
m⋃
i=1
[
Cl(Oi)∪
(
Cl(Vi)−Wi
)]→ Mn
by
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(2) g˜(x) = gi(x) if x ∈ Cl(Oi), and
(3) g˜(Cl(Vi)−Wi) is an one point set and g˜(Cl(Vi)−Wi) ∈ ∂Bf (xi ).
Since Bf (xi ) is an AR, we obtain an extension g :X → Mn − ∂Mn of g˜ such that g(Cl(Ui)) ⊂ Bf (xi ) for each i.
We shall show that g satisfies the desired conditions. By the construction of g, we see that d(f,g) < . Since each
-ball in X contains some Cl(Oi), g is not constant on any -ball of X. We shall verify the condition (3). Suppose,
on the contrary, that y ∈ Mn and pi ∈ X (i = 1,2, . . . , n + 1) satisfy the conditions that for i = j , d(pi,pj )  3
and each pi is an extreme point of g|B(pi, ) with g(pi) = y (i = 1,2, . . . , n + 1). We show that for each i, pi ∈⋃m
j=1 Uj . Suppose that for some i, pi is not contained in
⋃m
j=1 Uj . We choose some k such that d(pi, xk) < δ.
Hence Cl(Ok) ⊂ B(pi, ). Also, f (pi) = g(pi) ∈ U(f (xk), ′/8) ⊂ Bf (xk) − ∂Bf (xk). Since g : Cl(Ok) → Bf (xk) is
essential, we see that g(pi) is not an extreme value of g|Cl(Ok). Since Cl(Ok) ⊂ B(pi, ), pi is not an extreme point
of g|B(pi, ). This is a contradiction. Therefore for each i = 1,2, . . . , n + 1, we can choose ki such that pi ∈ Uki .
Note that ki = kj (i = j). Since Cl(Oki ) ⊂ Uki ⊂ B(pi, ) and pi is an extreme point of g|B(pi, ), we see that y =
g(pi) ∈ ∂Bf (xki ), because that g : Cl(Oki ) → Bf (xki ) is essential. Hence
⋂n+1
i=1 ∂Bf (xki ) = φ. This is a contradiction.
This implies that the condition (3) holds.
Next, we shall show that each fiber of g is -fine. Suppose that y ∈ g(X) and A ∈ Comp(g−1(y)) with diam(A) .
Since diam(A) , we can choose a point p ∈ A with p ∈ X −⋃mi=1 Ui . Also, we choose xk such that d(p,xk) < δ.
Then g(p) = f (p) ∈ U(f (xk), ′/8) ⊂ Bf (xk) − ∂Bf (xk). Since g(Cl(Ok)) = Bf (xk), there is q ∈ Cl(Ok) with g(q) =
g(p) (= y) ∈ Bf (xk)−∂Bf (xk). Then we see that the component D of g−1(y) containing q is contained in Wk , because
that g(Cl(Vk)−Wk) ∈ ∂Bf (xk). Hence diam(D) < . Consequently, we see that each fiber of g is -fine.
Note that if we choose a small neighborhood Gk of ∂Bf (xk) in Mn (k = 1,2, . . . ,m), then
⋂
j∈H Gj = φ for any
subset H ⊂ {1,2, . . . ,m} with |H | > n. By using this fact, we can choose a sufficiently small positive number γ > 0
such that h ∈ C(X,Mn) with d(h,g) < γ , then h satisfies the above properties as well (see Lemma 3.3). 
Theorem 3.10. Let X be an everywhere at least n-dimensional compactum (n  1). Then there is a dense Gδ-set
F(X,Mn) in the space C(X,Mn) such that if f ∈ F(X,Mn), then the following properties are satisfied:
(1) Each fiber of f is nowhere dense.
(2) No fiber of f contains n+ 1 points which are locally extreme points of f .
(3) If y ∈ f (X) and A ∈ Comp(f−1(y)) is an isolated point of Comp(f−1(y)), then A is an one point set.
Proof. Let {fk | k = 1,2, . . .} be a sequence of maps fk :X → Mn − ∂Mn such that the set {fk | k = 1,2, . . .} is
dense in C(X,Mn). Let i,k = 1/(i + k) for each i, k = 1,2, . . .. By Lemma 3.9, we choose gi,k = g[fk, i,k] and
γi,k = γ [fk, i,k] satisfying the conditions (2)–(4) of Lemma 3.9 with respect to fk and i,k . Let
Bi,k =
{
h ∈ C(X,Mn) | d(h,gi,k) < γi,k
}
.
Put Gi =⋃∞k=1Bi,k . Then Gi is an open and dense set in C(X,Mn). We put F(X,Mn) =⋂∞i=1 Gi . Then F(X,Mn)
is a dense Gδ-set in the space C(X,Mn). Let f ∈ F(X,Mn). Also, we see that f satisfies the desired conditions. 
The next theorem is one of the main results of this paper which is the higher-dimensional Bruckner–Garg type
theorem for everywhere at least n-dimensional compacta.
Theorem 3.11. Let Mn be any n-dimensional manifold and let X be an everywhere at least n-dimensional compactum
(n  1). Then there is a dense Gδ-set BG(X,Mn) in the space C(X,Mn) of maps from X to Mn such that if f ∈
BG(X,Mn), then the following properties hold:
(1) X = E(f,X)∪ S(f,X) and E(f,X)∩ S(f,X) = φ,
(2) E(f,X) is a dense Fσ -set in X and S(f,X) is a dense Gδ-set in X,
(3) f (X) = E(f,Mn)∪ S(f,Mn) is everywhere at least n-dimensional,
(4) E(f,Mn) is a dense Fσ -set in f (X) with dimE(f,Mn) n − 1 and S(f,Mn) is also a dense Fσ -set in f (X),
moreover S(f,Mn) contains a dense open set of f (X),
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each y ∈ S(f,Mn)−E(f,Mn),
(6) E(f,Mn)∩S(f,Mn) is a dense Fσ -set in f (X), and Comp(f−1(y)) is homeomorphic to the Cantor set C union
ny isolated points (1 ny  n) for y ∈ E(f,Mn)∩ S(f,Mn), moreover each isolated point of Comp(f−1(y)) is
an one point set,
(7) E(f,Mn)− S(f,Mn) is a Gδ-set in f (X), and f−1(y) is a set consisting of ny isolated points (1 ny  n) for
y ∈ E(f,Mn)− S(f,Mn), i.e., |f−1(y)| n.
Proof. We consider the following set
BG(X,Mn) = In(X,Mn)∩ ES(X,Mn)∩ Is(X,Mn)∩ F(X,Mn).
Then BG(X,Mn) is a dense Gδ-subset of C(X,Mn). Suppose that f ∈ BG(X,Mn). Let y ∈ f (X). If |f−(y)|  n,
each point of f−1(y) is an isolated point of f−1(y) and hence it is a locally extreme point of f (see Theorem 3.8).
We shall show that y ∈ E(f,Mn) − S(f,Mn). Suppose, on the contrary, that y ∈ S(f,Mn). Then there is a stable
point x of f with x ∈ f−1(y), which is not an isolated point of f−1(y). This is a contradiction. Conversely, suppose
that y ∈ E(f,Mn)− S(f,Mn). Then each point of f−1(y) is a locally extreme point of f . By (2) of Theorem 3.10,
we see that |f−(y)| n. Hence y ∈ E(f,Mn)− S(f,Mn) if and only if |f−1(y)| n. Therefore
f (X)− S(f,Mn) = E(f,Mn)− S(f,Mn) = {y ∈ f (X) | ∣∣f−1(y)∣∣ n}.
Since the last set is a Gδ-set in f (X) (see [3, Lemma 4.3.5]), we see that f (X)− S(f,Mn) is a Gδ-set in f (X), and
hence S(f,Mn) is an Fσ -set in f (X). Since f (X) is everywhere at least n-dimensional and dimE(f,Mn) n − 1,
we see that S(f,Mn) − E(f,Mn) = f (X) − E(f,Mn) is dense in f (X). Since S(f,Mn) ∪ E(f,Mn) = f (X), for
any open set U (= φ) of f (X) we see that S(f,Mn) contains a nonempty open set V of U by use of Baire category
theorem. This implies that S(f,Mn) contains a dense open set of f (X). Since E(f,Mn) is a dense set of f (X),
S(f,Mn)∩E(f,Mn) is also a dense Fσ -set in f (X).
We shall show that if y ∈ f (X) and p ∈ f−1(y) is a locally extreme point of f , then p is an isolated point of
f−1(y). Suppose, on the contrary, that there is a sequence {zi}∞i=1 of distinct points of f−1(y) with limi→∞ zi = p.
Since p ∈ f−1(y) is a locally extreme point of f , there is a closed neighborhood N of p in X such that y = f (p) ∈
exv(f,N). Then we can choose zi with zi ∈ Int(N). Since zi is a stable point of f (see (2) of Theorem 3.10),
f (zi) = y ∈ stv(f,N). This is a contradiction. Hence p is an isolated point of f−1(y). Therefore p ∈ f−1(y) is a
locally extreme point of f if and only if p is an isolated point of f−1(y).
The other properties follow from Proposition 3.1, Theorems 3.6, 3.8 and 3.10. This completes the proof. 
4. Higher-dimensional Bruckner–Garg type theorem
In this section, we prove a higher-dimensional Bruckner–Garg type theorem for the space C(X,Mn) of maps from
any compactum X to an n-dimensional manifold Mn (n  1). A map f :X → Y is an -map ( > 0) if for each
y ∈ f (X) diamf−1(y) < . A map f :X → Y is a (k, )-map if for each y ∈ f (X) there are subsets A1,A2, . . . ,Ak
of f−1(y) such that f−1(y) =⋃kj=1 Aj and diamAj < . Note that the space of all -maps (resp. (k, )-maps) is an
open set of C(X,Y ).
The following Hurewicz’s theorem is well known (see [9, p.124]).
Theorem 4.1 (Hurewicz). If X is a compactum with dimX = m< ∞ and 0 i m, then the set Hu(X, I 2m+1−i ) of
maps g ∈ C(X, I 2m+1−i ) such that |g−1(y)| i + 1 for each y ∈ g(X) is a dense Gδ-set in C(X, I 2m+1−i ).
The following result follows from the above Hurewicz’s theorem. Note that this result can be proved by use of the
usual general position arguments of a combinatorial manifold and (k, )-mappings.
Proposition 4.2. Let M2m+1−i be an (2m+ 1 − i)-dimensional manifold (0 i m< ∞). If X is a compactum with
dimX = m, then the set Hu(X,M2m+1−i ) of maps g ∈ C(X,M2m+1−i ) such that |g−1(y)| i + 1 for each y ∈ g(X)
is a dense Gδ-set in C(X,M2m+1−i ).
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Hu(X,Mn) = {f ∈ C(X,Mn) | ∣∣f−1(y)∣∣ n for each y ∈ f (X)}
is a dense Gδ-set in C(X,Mn). (This is the case of m = n − 1 and i = m of Proposition 4.2.) Note that if f ∈
C(X,Mn), then E(f,Mn) = f (X) and S(f,Mn) = φ (see Proposition 3.2 and Theorem 4.6).
Now, we consider the remaining case of dimX  n = dimMn.
Proposition 4.3. Let X be a compactum such that dimX  n  1. Then there is an open set Un−1 of X such that
dimUn−1  n− 1 and X −Un−1 is everywhere at least n-dimensional.
Proof. We consider the set
Un−1 =
{
x ∈ X | there is an open neighborhood U of x in X such that dimU  n− 1}.
Then we see that the set Un−1 is an open set of X such that dimUn−1  n − 1 and X − Un−1 is everywhere at least
n-dimensional. 
We need the next lemma which is a modification of Lemma 3.9.
Lemma 4.4. Let X be an everywhere at least n-dimensional compactum (n  1) and let F be a compactum with
dimF  n − 1 and X ∩ F = φ. Let f :X ∪ F → Mn − ∂Mn be a map and  > 0. Then there is a map g :X ∪ F →
Mn − ∂Mn and γ > 0 such that
(1) d(f,g) < ,
(2) g is not constant on any -ball U(x, ) of X,
(3) if y ∈ Mn, r points pi (i = 1,2, . . . , r) of X satisfy the conditions that for i = j , d(pi,pj )  3 and each pi
is an extreme point of g|B(pi, ) with g(pi) = y (i = 1,2, . . . , r), and s points qi (i = 1,2, . . . , s) of F with
g(qi) = y (i = 1,2, . . . , s) satisfy the conditions that for i = j , d(qi, qj ) 3, then r + s  n, and
(4) each fiber of g is -fine.
Moreover, if h ∈ C(X,Mn) and d(h,g) < γ , then h satisfies the above properties as well.
Proof. Put Z = X ∪ F . We modify the proof of Lemma 3.9 and we use the same notations as in the proof of
Lemma 3.9.
Since dimF  n − 1, there is a compact polyhedron P with dimP  n − 1 and an -map κ :F → P (see [3,
Theorem 1.10.13]). Take a subdivision P ′ of P such that each simplex of P ′ is sufficiently small. Also, we obtain a
PL-map t :P ′ → Mn such that d(f |F, t ·κ) < . Moreover, by the usual argument of general position, we may assume
that if Δ and Δ′ are disjoint simplexes of P ′, t (Δ) and t (Δ′) are in general position in Mn. Then we may assume that
t · κ is an (n, )-map. Also, by the usual argument of general position, we may assume that each simplex of t (P ′) and
each ∂Bf (xj ) (j = 1,2, . . . ,m) are in general position in Mn. Define the map g :Z → Mn−∂Mn such that g|F = t ·κ
and g|X :X → Mn − ∂Mn is the map defined in the proof of Lemma 3.9. Then the map g :Z → Mn − ∂Mn satisfies
the desired properties. Also, we can choose a sufficiently small positive number γ > 0 such that h ∈ C(Z,Mn) with
d(h,g) < γ , then h satisfies the above properties as well (see Lemma 3.3). 
Lemma 4.5. Suppose that X is a compactum and Z is a nonempty closed subset of X. Let Y be an ANR. If
Φ :C(X,Y ) → C(Z,Y ) is the restriction map defined by Φ(f ) = f |Z, then for any dense Gδ-set H in C(Z,Y ),
Φ−1(H) is also a dense Gδ-set in C(X,Y ).
Proof. Note that Φ is continuous. Put H =⋂∞i=1 Gi , where Gi is a dense open set in C(Z,Y ). We shall show that
Φ−1(Gi) is a dense open set in C(X,Y ). Let f ∈ C(X,Y ) and  > 0. Since Y is an ANR, there is a sufficiently small
positive number δ > 0 such that if g :Z → Y is a map with d(f |Z,g) < δ, then g and f |Z are -homotopic. Since
Gi is dense in C(Z,Y ), there is g ∈ Gi such that d(f |Z,g) < δ. Hence g and f |Z are -homotopic. By the Borsuk’s
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Φ−1(Gi) is a dense open set in C(X,Y ), and hence Φ−1(H) =⋂∞i=1 Φ−1(Gi) is a dense Gδ-set in C(X,Y ). 
The following result is a higher-dimensional Bruckner–Garg type theorem for the space C(X,Mn) of maps from
any compactum X with dimX  n to an n-dimensional manifold Mn.
Theorem 4.6. Let X be a compactum with dimX  n and let Mn be any n-dimensional manifold. Then there is
a dense Gδ-set BG(X,Mn) in the space C(X,Mn) of maps from X to Mn such that if f ∈ BG(X,Mn), then the
following properties hold:
(1) X = E(f,X)∪ S(f,X) and E(f,X)∩ S(f,X) = φ,
(2) E(f,X) is a dense Fσ -set in X and S(f,X) is a Gδ-set in X,
(3) f (X) = E(f,Mn)∪ S(f,Mn) is n-dimensional,
(4) E(f,Mn) is a dense Fσ -set in f (X) with dimE(f,Mn) n− 1 and S(f,Mn) is also an Fσ -set in f (X),
(5) S(f,Mn) − E(f,Mn) is a Gδ-set in f (X), and Comp(f−1(y)) is homeomorphic to the Cantor set C for each
y ∈ S(f,Mn)−E(f,Mn),
(6) E(f,Mn)∩ S(f,Mn) is an Fσ -set in f (X), and Comp(f−1(y)) is homeomorphic to the Cantor set C union ny
isolated points (1 ny  n) for y ∈ E(f,Mn)∩ S(f,Mn), moreover each isolated point of Comp(f−1(y)) is an
one point set,
(7) E(f,Mn)− S(f,Mn) is a Gδ-set in f (X), and f−1(y) is a set consisting of ny isolated points (1 ny  n) for
y ∈ E(f,Mn)− S(f,Mn), i.e., |f−1(y)| n.
Proof. By Lemma 4.3, there is the open set Un−1 of X such that dimUn−1  n − 1 and X − Un−1 is everywhere at
least n-dimensional. Put U = Un−1 and X1 = X −Un−1. Take a sequence
F1 ⊂ F2 ⊂ F3 ⊂ F4 ⊂ F5 ⊂ · · ·
of closed subsets of X such that Un−1 =⋃∞j=1 Fj . Put Zj = X1 ∪ Fj (j = 1,2, . . .). We modify the proof of Theo-
rem 3.10. Let j be fixed. Then we choose {fk | k = 1,2, . . .} which is a sequence of maps fk :Zj → Mn − ∂Mn such
that the set {fk | k = 1,2, . . .} is dense in C(Zj ,Mn). Let i,k = 1/(i + k) for each i, k = 1,2, . . . . By Lemma 4.4, we
choose gi,k|Zj = g[fk, i,k] and γi,k = γ [fk, i,k] satisfying the conditions (2)–(4) of Lemma 4.4. Let
Bi,k =
{
h ∈ C(Zj ,Mn) | d(h,gi,k) < γi,k
}
.
Put Gi = ⋃∞k=1Bi,k . Let Hj = ⋂∞i=1 Gi . Then Hj is a dense Gδ-set in C(Zj ,Mn) such that if f ′ ∈ Hj , then
dimf ′(Fj )  n − 1, f ′|Fj ∈ Hu(Fj ,Mn), f ′|X1 ∈ BG(X1,Mn). Moreover, we see that Comp(f ′−1(y)) is home-
omorphic to the Cantor set C union ny isolated points (1 ny  n) for y ∈ E(f ′,Mn) ∩ S(f ′,Mn), and f ′−1(y) is
a set consisting of ny isolated points (1 ny  n) for y ∈ E(f ′,Mn)− S(f ′,Mn), i.e., |f ′−1(y)| n. Put
BG(X,Mn) =
∞⋂
j=1
Φ−1j (Hj ),
where Φj :C(X,Mn) → C(Zj ,Mn) is the restriction map. By Lemma 4.5, BG(X,Mn) is a dense Gδ-set in
C(X,Mn). Let f ∈ BG(X,Mn). Since dimUn−1  n − 1, we see that E(f,X) = E(f,X1) ∪ Un−1 and S(f,X) =
S(f |X1,X1). Then we can easily see that BG(X,Mn) has the desired properties. 
5. Applications
In this section, we also study the spaces of Bing maps, Lelek maps, k-dimensional maps and Krasinkiewicz maps
in C(X,Mn).
A continuum is said to be indecomposable if it is not sum of two proper subcontinua. A compactum is called a
Bing compactum (or said to be hereditarily indecomposable) if each of its subcontinua is indecomposable. A map
f :X → Y from a compactum X to a compactum Y is called a Bing map if each y ∈ f (X), f−1(y) is a Bing
compactum. A map f :X → Y from a compactum X to a compactum Y is a k-dimensional map (k  0) if for each
H. Kato / Topology and its Applications 154 (2007) 1690–1702 1701y ∈ Y dimf−1(y)  k. For k  0, a map f :X → Y from a compactum X to a compactum Y is a k-dimensional
Lelek map if the union of all nontrivial continua contained in the fibers of f is of dimension  k. Note that every
k-dimensional Lelek map is a k-dimensional map (see [5]). A map f :X → Y from a compactum X to a compactum
Y is a Krasinkiewicz map provided that if Z is a subcontinuum of X and f (Z) is not an one point set, then there is
some y ∈ f (Z) such that Z contains a component of f−1(y).
Let X be an m-dimensional compactum (m n 1) and let Mn be an n-dimensional manifold. We consider the
following subsets in C(X,Mn):
B(X,Mn) = {f ∈ C(X,Mn) | f is a Bing map},
L(X,Mn) = {f ∈ C(X,Mn) | f is an (m− n)-dimensional Lelek map},
D(X,Mn) = {f ∈ C(X,Mn) | dimf−1(y)m− n for y ∈ f (X)}, and
K(X,Mn) = {f ∈ C(X,Mn) | f is a Krasinkiewicz map}.
Note that D(X,Mn) ⊃ L(X,Mn).
Then we have the following corollary.
Corollary 5.1. Let X be a compactum with dimX = m n 1 and let Mn be an n-dimensional manifold. Then the
set
BG(X,Mn)∩B(X,Mn)∩L(X,Mn)∩K(X,Mn)
is a dense Gδ-set in C(X,Mn).
Proof. Each of BG(X,Mn), B(X,Mn), L(X,Mn) and K(X,Mn) is a dense Gδ-set in C(X,Mn) (see [5–13]). 
In particular, we have
Corollary 5.2. Let X be an everywhere at least n-dimensional compactum (n  1) with dimX = n. Then there is
a dense Gδ-set BG(X,Mn) in the space C(X,Mn) of maps from X to Mn such that if f ∈ BG(X,Mn), then the
following properties hold:
(1) X = E(f,X)∪ S(f,X) and E(f,X)∩ S(f,X) = φ,
(2) E(f,X) is a dense Fσ -set in X and S(f,X) is a dense Gδ-set in X,
(3) f (X) = E(f,Mn)∪ S(f,Mn) is everywhere at least n-dimensional,
(4) E(f,Mn) is a dense Fσ -set in f (X) with dimE(f,Mn) n − 1 and S(f,Mn) is also a dense Fσ -set in f (X),
moreover S(f,Mn) contains a dense open set of f (X),
(5) S(f,Mn) − E(f,Mn) is a dense Gδ-set in f (X), and f−1(y) is homeomorphic to the Cantor set C for each
y ∈ S(f,Mn)−E(f,Mn),
(6) E(f,Mn) ∩ S(f,Mn) is a dense Fσ -set in f (X), and f−1(y) is homeomorphic to the Cantor set C union ny
isolated points (1 ny  n) for y ∈ E(f,Mn)∩ S(f,Mn),
(7) E(f,Mn)− S(f,Mn) is a Gδ-set in f (X), and f−1(y) is a set consisting of ny isolated points (1 ny  n) for
y ∈ E(f,Mn)− S(f,Mn), i.e., |f−1(y)| n.
Proof. This follows from the fact that the set{
f ∈ C(X,Mn) | f is a 0-dimensional map}
is a dense Gδ-set in C(X,Mn) (see [5]). 
Also, we have the following.
Corollary 5.3. Let Mn1 (n  1) be a compact n-dimensional manifold and let Mn2 be an n-dimensional manifold.
Then there is a dense Gδ-set BG(Mn1 ,M
n
2 ) in the space C(M
n
1 ,M
n
2 ) of maps from X = Mn1 to Y = Mn2 such that if
f ∈ BG(Mn,Mn), then the following properties hold:1 2
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(2) E(f,X) is a dense Fσ -set in X and S(f,X) is a dense Gδ-set in X,
(3) f (X) = E(f,Y )∪ S(f,Y ) is everywhere at least n-dimensional,
(4) E(f,Y ) is a dense Fσ -set in f (X) with dimE(f,Y )  n − 1 and S(f,Y ) is also a dense Fσ -set in f (X),
moreover S(f,Y ) contains a dense open set of f (X),
(5) S(f,Y ) − E(f,Y ) is a dense Gδ-set in f (X), and f−1(y) is homeomorphic to the Cantor set C for each y ∈
S(f,Y )−E(f,Y ),
(6) E(f,Y )∩S(f,Y ) is a dense Fσ -set in f (X), and f−1(y) is homeomorphic to the Cantor set C union ny isolated
points (1 ny  n) for y ∈ E(f,Y )∩ S(f,Y ),
(7) E(f,Y ) − S(f,Y ) is a Gδ-set in f (X), and f−1(y) is a set consisting of ny isolated points (1  ny  n) for
y ∈ E(f,Y )− S(f,Y ), i.e., |f−1(y)| n.
Corollary 5.4. Let X be a compactum with dimX = n and let Mn be any n-dimensional manifold. Then there is
a dense Gδ-set BG(X,Mn) in the space C(X,Mn) of maps from X to Mn such that if f ∈ BG(X,Mn), then the
following properties hold:
(1) X = E(f,X)∪ S(f,X) and E(f,X)∩ S(f,X) = φ,
(2) E(f,X) is a dense Fσ -set in X and S(f,X) is a Gδ-set in X,
(3) f (X) = E(f,Mn)∪ S(f,Mn) is n-dimensional,
(4) E(f,Mn) is a dense Fσ -set in f (X) with dimE(f,Mn) n− 1 and S(f,Mn) is also an Fσ -set in f (X),
(5) S(f,Mn) − E(f,Mn) is a Gδ-set in f (X), and f−1(y) is homeomorphic to the Cantor set C for each y ∈
S(f,Mn)−E(f,Mn),
(6) E(f,Mn)∩ S(f,Mn) is an Fσ -set in f (X), and f−1(y) is homeomorphic to the Cantor set C union ny isolated
points (1 ny  n) for y ∈ E(f,Mn)∩ S(f,Mn),
(7) E(f,Mn)− S(f,Mn) is a Gδ-set in f (X), and f−1(y) is a set consisting of ny isolated points (1 ny  n) for
y ∈ E(f,Mn)− S(f,Mn), i.e., |f−1(y)| n.
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